Abstract. We show that for a monic polynomial f (x) over a number field K containing a global permutation polynomial of degree > 1 as its composition factor, the Newton Polygon of f mod p does not converge for p passing through all finite places of K. In the rational number field case, our result is the "only if" part of a conjecture of Wan about limiting Newton polygons.
Introduction and main results
Let K be a number field and f (x) be a monic polynomial in K[x] of degree d ≥ 1. For a finite place p of K, we let O p be the ring of p-adic integers and k p be the residue field. Then k p is a finite field of q = q p = p h elements for some rational prime p = p p and some positive integer h = h p . Denote by k m p the unique field extension of k p of degree m. Denote by Σ K the set of finite places of K and Σ K (f ) the set of places of p ∈ Σ K such that f (x) ∈ O p [x] and (d, p) = 1. Note that Σ K − Σ K (f ) is a finite set.
Let p be a place in Σ K (f ). By modulo p, we get the reduction f a polynomial over k p . For a nontrivial character χ :
where S m (f , χ) is the exponential sum
is a polynomial of t of degree d − 1 over Q p (ζ p ) by well-known theorems of Dwork-Bombieri-Grothendieck and Adolphson-Sperber [1] . The q-adic Newton polygon NP p (f ) of this L-function does not depend on the choice of the nontrivial character χ. Let HP(f ) be a convex polygon with break points (0, 0), 1,
which only depends on the degree of f . Adolphson and Sperber [2] proved that NP p (f ) lies above HP(f ) and that
Obviously, there are infinitely many
Recall that a global permutation polynomial (GPP) over K is a polynomial P (x) ∈ K[x] such that x → P (x), where P is the reduction of P modulo p, is a permutation on k p for infinitely many places p ∈ Σ K .
In 1999, D. Wan proposed a conjecture, whose complete version in [12, Chapter 5] and [3, Conjecture 6.1] is as follows:
Then f contains a GPP over Q of degree > 1 as its composition factor if and only if lim
There are little progress on the "if" part, which is much more difficult than the "only if" part. So far, we can only check the "if" part holds for those f of low degrees or of few terms. In this note, we give a proof of the "only if" part of Wan's conjecture. Moreover, we get the following main result.
Remark. If we replace Q in Conjecture 1.1 by any number field K, then the "if" part does not hold in general. We give an example here. Let ℓ be a prime number greater than 3. Assume K = Q(ζ ℓ ) and f (x) = the Dickson polynomial D ℓ (x, 1). By Lemma 5.1, f is not a permutation polynomial for all k p with p ∤ 3ℓω. Thus f is not a GPP over K. By Lemma 4.1, one can easily check that f is a GPP over Q. Theorem 1.2 implies that lim
does not exist. By Proposition 2.6, lim p∈Σ K NP p (f ) also does not exist.
Zeta functions and L-functions of exponential sums
In this section, we fix a rational prime p, a positive integer h and let q = p h . Let C be a curve over
is a rational function over Q, where
is the number of F q m -rational points of C. If C is smooth and proper, by Weil [11] , Z(C, t) is of the form
(1−t)(1−qt) , where P 1 (C) is a polynomial of t of degree 2g(C) over Z, where g(C) is the genus of C. Denote the q-adic Newton polygon of P 1 (C) by NP
, which is the function field of P 1
Fq . So C(g), the normalization of P 1
Fq in L g , is a Galois cover of P 1 Fq with Galois group isomorphic to F p . Denote this cover by π. One can check that π −1 (∞) is a one-point-set.
In the following we identify (x 0 , y 0 ) with the F q -point (x − x 0 , y − y 0 ) of U Fq and identify x 0 with the
). Obviously, for any point x 0 , there is some y 0 ∈ F q such that the set π −1 (x 0 ) is of the form
where χ runs through all additive characters from F p to µ p .
Proof. For any a ∈ F p , one can easily check that
Let (x 0 , y 0 ) be a point in π −1 (x 0 ). We only need to show that y 0 ∈ F q m if and only if Tr F q m /Fp (g(x)) = 0. This follows from the following exact sequence
Proof. By Lemma 2.1,
.
, by definition of Zeta functions,
The Proposition follows from the definition of L-functions.
For any polygon P , denote by Len(P, λ) the length of the side of slope of λ. As the Newton polygon NP p (f ) of L(f , χ, t) does not depend on the choice of χ = 1, we have the following result.
t m m .
Taking logarithm and expending both sides, we can get the formula by comparing the coefficients of t m on both sides.
In particular, the q-adic Newton polygon of L(g, χ, t) is the same as the q n -adic Newton polygon of L(g/F q n , χ, t).
holds for any m ≥ 0. By Lemma 2.4, we have
Comparing the poles on both sides, we are done.
Proposition 2.6. Let L/K be a finite extension of number fields and P a place of L above p a place of K. Then
In particular, lim
Proof. By definition, NP p (f ) is the q-adic Newton polygon of L(f /k p , χ, t) and NP P (f ) is the q [k P :kp] -adic Newton polygon of L(f /k P , χ, t). By Lemma 2.5, we have NP p (f ) = NP P (f ).
Divisibility relations of Zeta functions
We fix p, h and q = p h as in the previous section. Let X, Y be two smooth separated algebraic varieties over F q . Let π : Y → X be an F q -morphism and F be a sheaf over theétale site X et , where X = X F q . The morphism π F q induces a map π * :
Then there is a trace map tr : π * π * F → F such that
In particular, if δ is invertible on F , then π * is injective.
Proof. See pages 168-171 in [8] .
By the Grothendieck-Lefschetz trace formula (see [6] ), the number N s of F q s -rational points on X is
where F is the Frobenius endomorphism on X/F q . So the Zeta function on X is Z(X, t) = P 1 (X, t)P 3 (X, t) · · · P 2d−1 (X, t) P 0 (X, t)P 2 (X, t) · · · P 2d (X, t)
If there is some finiteétale morphism π : Y → X, then
Proof. As F commutes with π, we have the following commutative diagram
). Corollary 3.3. Let X, Y be two smooth complete curves over F q . If there is some finite F q -morphism π : Y → X, then
Proof. By removing the compositions of Frobenius on X, we can assume that π is unramified at the generic point. Let U X be an nonempty open subvariety of X such that the base change π : Y U → U is a finiteétale morphism. Denote by Z the complement of U in X, of which the closed points are finite. By the definition of Zeta function, we have
where x (resp. y) runs through all prime F q -rational 0-cycles on Z (resp. Y Z ) a la Monsky. As X, Y are complete curves,
As U, Y U are not complete, we have
By Theorem 3.2, P 1 (U, t) | P 1 (Y U , t). So from the above formulas, we have
Weil's conjecture tells us that the complex absolute values of all roots of P 1 (X, t) and P 1 (Y, t) are q − 1 2 . We are done.
Global permutation polynomials and Dickson polynomials
Let a be an element in a commutative ring R. For any n ≥ 1, the Dickson polynomial of the first kind associated to a of degree n, denote by D n (x, a), is the unique polynomial over R such that
One can easily check that
and
Lemma 4.1. Let a ∈ F q and n be a positive integer. 1). If a = 0, then D n (x, 0) = x n is a permutation polynomial of F q if and only if (n, q − 1) = 1.
2). If a = 0, then D n (x, a) is a permutation polynomial of F q if and only if (n, q 2 − 1) = 1.
Proof. Due to [4] , see [7, Theorem 7 .16] for quick reference. 
Proof of main result
We call an element (p, a, n) in Σ K ×K ×Z >1 an admissible triple if a ∈ O p , p ∤ 3nω and the Dickson polynomial D n (x, a) is a permutation polynomial on k p , where ω is the number of the roots of unity in K.
Lemma 5.1. If (p, a, n) is an admissible triple, then (n, ω) = 1. In particular, 2 ∤ n. Moreover if a = 0, then 3 ∤ n.
Proof. As D n (x, a) is a permutation polynomial on k p , by Lemma 4.1, (n, q− 1) = 1. As p ∤ ω, the reduction induces an inclusion µ K ⊂ µ kp , and hence ω | q − 1. So we have (n, ω) = 1.
If a = 0, by Lemma 4.1, (n, q 2 − 1) = 1. As 3 | q 2 − 1, so we have 3 ∤ n.
Proposition 5.2. Suppose that f contains D n (x, a) as a composition factor. Then for p ∈ Σ K (f ) such that (p, a, n) is an admissible triple, there exists v 0 ∈ Q such that Len(NP p (f ), v 0 ) ≥ 2 and hence the gap between N P p (f ) and HP(f ) is at least
. By (4.3) and Lemma 5.1, we can assume that n is an odd prime number. For any positive integer m, denote by k m p the unique extension of k p of degree m. Set e = 1 if a = 0 and otherwise e = 2. By Lemma 4.1, we have (q e − 1, n) = 1. As n is an odd prime number, (q (n−1)s+1 ) e ≡ q e ≡ 1 mod n and so ((q (n−1)s+1 ) e −1, n) = 1. Using Lemma 4.1 again, D n (x, a) is permutation polynomial of k m p , where m = (n − 1)s + 1 and s is a non-negative integer. For these m and any nontrivial character χ : F p → µ p , we have that
Assume that Hence
Comparing the poles on both sides, there exist 1 ≤ i < j ≤ nd 1 − 1 such that β
Denote by v 0 the q-adic valuation of β i (and of β j ). Then
Denote C = C(f ), one can check that
sending x to f 3 and y ′ to y induces a non-constant morphism , respectively. As the HP is below the NP, we know that N i±1 is above H i±1 . Hence the middle point N i of N i−1 N i+1 is above P that of H i−1 H i+1 . So we have
Proof of Main Result. Write f in the form f 1 • f 2 • f 3 , where f 2 is a GPP over K of degree > 1. As every composition factor of a GPP is still a GPP, by Proposition 4.2, we can assume that f 2 = D n (x, a) is a GPP over K, where a ∈ K and n ∈ Z >1 . By definition, there are infinitely many p ∈ Σ K such that (p, n, a) is an admissible triple. For those p, by Proposition 5.2, the gap between N P p (f ) and HP(f ) is at least 1 2d . However, for places p such that p p ≡ 1 mod d, we know N P p (f ) = HP(f ). So the limit does not exist.
